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Abstract. We investigate the Whyburn and weakly Whyburn property in 
the class of P-spaces, that is spaces where every countable intersection of open 
sets is open. We construct examples of non-weakly Whyburn P-spaces of size 
continuum, thus giving a negative answer under CH to a question of Pelant, 
Tkachcnko, Tkachuk and Wilson (|13|). In addition, we show that the weak 
Kurepa Hypothesis (an assumption weaker than CH) implies the existence of a 
non- weakly Whyburn P-space of size N2. Finally, we consider the behavior of 
the above-mentioned properties under products; we show in particular that the 
product of a Lindelof weakly Whyburn P-space and a Lindelof Whyburn P- 
space is weakly Whyburn, and we give a consistent example of a non- Whyburn 
product of two Lindelof Whyburn P-spaces. 

1. Introduction 

We assume all spaces to be Hausdorff. All undefined notions can be found in [5] 
and g]. 

Whyburn and weakly Whyburn spaces have recently been considered by various 
authors. They provide a natural generalization of Frechet and sequential spaces 
which is weak enough to offer lots of challenges, and indeed some fundamental 
questions are still open. They have also turned out to be useful in the M3 = Mj 
problem (see [7] and [15] )■ 

Let X be a topological space. A set F C X is said to be an almost closed 
converging to x if F \ F = {x}; if this happens we will write F — > x. A space X is 
said to be Whyburn (weakly Whyburn) if for each non closed set A C X and each 
(some) point x G A \ A there is an almost closed set F C A such that F — > x. 

Frechet spaces are Whyburn and sequential spaces are weakly Whyburn. The 
class of weakly Whyburn spaces is wide enough to include all regular scattered 
spaces. 

Recall that a space is radial (pseudoradial) if for each A C X and every (some) 
point x C A \ A there is a transfinite sequence {x a : a £ k} C A which converges 
to x. The radial character of a pseudoradial space X is the smallest cardinal k 
such that the definition of pseudoradiality for X works by considering sequences of 
length at most k. 

The (weakly) Whyburn property behaves very nicely on compact spaces; namely, 
every countably compact Whyburn space is Frechet and every compact weakly 
Whyburn space is pseudoradial. 
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A space is called a P-space if every Gs set is open. A Lindelof space is one 
in which every open cover has a countable subcover. Lindelof P-spaces exhibit a 
behaviour that is somewhat very close to that of compact spaces; for example, every 
Lindelof subspace of a Lindelof P-space is closed and every Lindelof Hausdorff P- 
space is normal. Notice, however, that the class of Lindelof P-spaces is only finitely 
productive. 

The study of the Whyburn and weakly Whyburn property on P-spaces was 
initiated in |13] , where it is proved that every P-space of character lo\ is Whyburn 
and that not every regular Lindelof P-space is Whyburn, and a bunch of interesting 
problems is left open. 

Whyburn and weakly Whyburn spaces were formerly known as AP (WAP) spaces 
(see [16] and [32]). Although this terminology is still in use today (see for example 
[7]), we prefer to adopt the new name, because it sounds better and gives credit to 
a paper of Whyburn where these spaces were first studied (|20J). 

2. Toward a small non weakly Whyburn P-space 

The main purpose of this section is to give several examples of non weakly 
Whyburn P-spaces. No example of this kind has been exhibited so far. We are 
particularly concerned with finding examples of minimal cardinality or with further 
restrictions (for example, Lindelof examples). Problem 3.6 in |13] asks whether 
every regular P-space of cardinality Hi is (weakly) Whyburn. Let's start by settling 
the weak form of this problem with a very simple ZFC construction. 

Example 1. There is a zero- dimensional, non-Whyburn regular (hence, completely 
regular) P-space of cardinality lo\. 

Proof. For each a G oji let L a be a copy of the one-point lindelofication of a 
discrete space of cardinality w±, p a being the unique non isolated point of L a 
(whose neighbourhoods are all co-countable subsets of L a containing the point p a 
itself). Let Y = L a and choose a point oo ^ Y. Topologize X = Y U {oo} 

in the following way. Neighbourhoods of the points of Y are as usual, while a 
neighbourhood of oo is {oo} U U a >^ T a for some /3 G U)\ and some choice of a 
neighbourhood T a of p a in L a for every a > f3. It is clear that A is a zero- 
dimensional regular P-space of cardinality uji. To show that it is not Whyburn 
consider the set A = Y \ {p a :a£wi} and note that oo G A and if B C A is a set 
having the point oo in its closure then B contains infinitely many points p a . □ 

Notice that the existence of a non-Whyburn P-space of cardinality Ni and char- 
acter less than 2 Nl is not provable in ZFC, see Theorem 3 in [3] and the remark at 
the end of the section. We now come to the main dish of this section. 

Example 2. There is a completely regular non-weakly Whyburn P-space of cardi- 
nality c. 

Proof. Let Y = <u u>x, Z — and X — Y U Z . We will introduce a topology on 
X in the following way. Set T — y uji — ( " Ul >u)±, and for every g G T and <p G Y 
put 

V v g = {ip G A I ijj is an extension of ip A Vn G (dom ip\ dom ip) : i/j(n) > g(ip \ n )} 

(*) 

(observe, in particular, that ip always belongs to V Vig ). 
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First of all, we want to show that associating to every tp G Y the collection 
{V<p,g '■ 9 € r} as a fundamental system of (open) neighbourhoods, and letting 
every tp G Z to be isolated, gives rise to a topology of P-space on X. Actually, we 
have to show that 



To prove (1), simply take g' — g; we claim that V^,. g C V v . g . Indeed, if 77 G V$ t9 , 
then first of all 77 extends tp; since tp, m turn, extends tp (as tp G V^,, 9 ), we have 
that 77 extends tp. Therefore, to prove that 77 G V^, )fl , we only have to show that 
?7( n ) > divln) f° r every n G dom 77 \ dom tp. Now, if n G dom?7\dom</?, then either 
n G dom tp\ domip, in which case 77(71) = V( n ) > ffC^D = fffaln) ( as *7 extends ^ 
and ^ G V v .g), or n G dom77\dom?/j, in which case we have 77(71) > g{rj\ n ) simply 
because 77 G V$ ig . 

As for property (2), let tp G Y and F' be a countable subset of T, and define 
g G r by letting <?(<£) = sup {</(<£>) : g' G T'}. Now, for each tp G Y, if tp is an 
arbitrary element of and is an arbitrary element of T', then to prove that 
i> S we just have to show that V( n ) > ff'W'ln) f° r every n G dom7/>\dom<p. 
Indeed, if n G dom tp\ dom , then from t/> G V^,. g it follows that V( n ) > ffW'I'n) = 



Let r be the topology generated on X by associating to every tp E X the funda- 
mental system of (open) neighbourhoods 3 V , defined as 



We want to prove now that (X, r) is a completely regular space. To this end, we will 
first show that (X, r) is T , and then that for every p G X and every V G 3 V , V is a 
closed (and open) set. As for the T property, let tp', tp" be distinct elements of X; 
then one of them, say tp', has domain not less than that of the other element. This 
implies in particular (as tp' ^ tp") that tp" cannot be an extension of tp'; therefore, 
fixing any g' G T, it follows from (*) that V^.gi is a neighbourhood of tp' which does 
not contain tp" . Let now show that every collection 3 V consists of closed sets. If 
tp G Z, then {ip} is the only element of 3 V ; thus, consider an arbitrary tp G X\{tp}. 
Of course, if tp G Z then {tp} is a neighbourhood of tp disjoint from {tp}; therefore, 
we may assume tp G Y, and consider an h G lo with n > dom^. Also, fix an 
element g of T such that g{p\n) > <p(n); then it follows from (*) that tp £ V^ jS , 
i.e. {tp} n V$ t g — 0. Suppose now that tp G Y. Let g be any element of T, and 
consider an arbitrary tp G X\V v>tg — also, since the case tp G Z is again trivial, we 
may assume that tp G Y\V v , g . By (*), the fact that tp £ V v . g means that tp is not 
an extension of tp, or that there exists n G dom?/>\dom</? with tp(n) < g(tp\ A ). If 
we are in this second case, then taking any g* G F we see that every tp' G is 
in particular an extension of tp, so that n G dom t/>\ dom ^ C dom tp'\ dom tp and 
i/>'(n) = tp(n) < g{tp\ fl ) = g(tp'\ A ); as a consequence, V^, )fl » nl^, 9 = 0. Suppose 
now that tp is not an extension of tp. If y> is not an extension of tp, either, then 
there exists n G domt^ n dom tp with tp{n) ^ tp(h); of course, this entails that tp 
and tp cannot have any common extension, hence in particular taking any g* G F 
it will follow again that n V Vig = 0. If, on the contrary, tp is a (proper) 

extension of tp, then let n — dom?/; and fix a g* G T such that g*{tp) > tp(n); 
since every 77 G V Vt9 is in particular an extension of tp, we will have the inequality 



(1) Vtp G Y: V<? G T: V</> G ^ 9 nY: 3g' G F: V$ g > C V v 

(2) g y : vr g [r]^ : 3<7 g r : c n g , er , 



sup{ 5 '(Vrj : 9' eT'}>g'(tP\ n ). 
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j](h) = tp(n) < g*(tp) = g*{tp\ fl ) = g*{r)\ h )—so that, by (*), 77 £ V$, g *. Therefore, 
we still see that V^, g * n V Vi9 = 0. 

Finally, we show that (X, r) is not weakly Whyburn. First of all, notice that Z 
is not closed in [X, r); actually, Z turns out to be even dense. Indeed, let <p be 
any element of Y, and V v . g (with g £ T) be an arbitrary basic neighbourhood of ip. 
Then put h = dom ip, and define by induction an a n E u>i for every n > h in the 
following way. 

- an = g(<p); 

~ Ctn+l = g{V~{oin,OLn.+U ■ ■ ■ , On)). 

Now, let tp £ Z be defined by 



clearly, ?/; extends and for every n > h (i.e., for every n E dom-0\ dom</?) we 
have that ip(n) — a n — dfyln)- Therefore, it follows from (*) that ip E V v>g , so 
that V<p, g n Z ^ 0. 

Thus, we will conclude the proof that (X, r) is not weakly Whyburn by showing 
that if M C Z and ip E F flM, then there exists an element of Y\{cp} which belongs 
to M. Actually, we will show more precisely that there exists an a£wi such that 
(p^{oi) E M. As a matter of fact, toward a contradiction, suppose that for every 
q6wi there exists g a E T such that 



Since tp E M, there must exist an 77 E V^j fl M, and this 77 will be in particular 
an extension of <p — hence also of <p~{r)(n)). However, since V$ ~{ri(n)),g r A s HM = 



such that 77(77*) < 3^(n)( r) f n *)- Thus, letting ip* — r)\ n *, it follows from (4k) (as 
dom tp* = 77* > 77 + 1) that 77(77*) < g v (h)(v\n*) = 9<p*(.fi.)(<P*) = 9(<P*) = f)(v\ n *)- 
Clearly, this contradicts the fact that 77 £ Vq>. g (take again (*) into account). □ 

Here is another way to construct a non weakly Whyburn P-space of cardinality 
c. Murtinova (ill ) has come up independently with a similar example. We will 
exploit the following example of a Baire P-space and a trick that Gruenhage and 
Tamano ([7]) used to get a countable stratifiable non- weakly Whyburn space. 

Example 3. There exists a T\ regular dense-in-itself P-space of cardinality con- 
tinuum in which every meager set is nowhere dense. 

Proof. Recall that the support of a function is the greatest subset of its domain 
where the function never vanishes. Let X = {/ : lo\ — > lu : f has countable support}. 
Set B(f,a) = {g E X ; V[3 < a: g{J3) = /(/?)}. We define a topology on X by 
declaring {B(f, a) : a E ui\} to be a fundamental system of neighbourhoods at /. 
It is easy to see that X is a dense-in-itself P-space and that X is T\ and zero- 
dimensional. Let {N n : n E ui} be a countable family of nowhere dense subsets of 
X. Let / E X and a E w\. Since No is nowhere dense, there must be a function 
go E B(f,a) and an ordinal «o such that B(go,ao) H No = 0. Since B(f,a) is 




for 77 < 77; 
for 77 > 77; 



V<fi~( a ),g a nM = 0. 

Then put 77 = dom tp and consider ajgf such that 



(tt) 



VV E Y: (dom<^ > 77 + 1 => g{tp) = g^ n ){<p)). 



(*) 
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an open set we can suppose B(go,ao) C B(f,a), and since {B(go 1 j) : 7 G uii} 
is a decreasing family, we can suppose that ao > a. Suppose we have found 
points : i < k} and increasing ordinals {on : i < k} in such a way that 
B(gj,aj) C B(gj-i. aj-i) and B(gj,otj) n Nj = for each j < k. Since Nk is 
nowhere dense there must be a point in G B{gk~i,ak~i) such that ^ ATfe, 
and thus there must be such that B(gk,ctk) Ci Nk — 9- Again we can suppose 
B(gk,ctk) C B(gk-i, a/c-i) and > atk—i- At the end of the induction the set 
(~}{B(gi, en) will be a nonempty open set contained in B(f, a), and disjoint 

from y{A^„ : 11 e w} (to check that Q {B(gi, on) : i G w} ^ 0, consider that such 
a set includes B{g, a), where d = sup {a.i : j £w} and g is any element of X such 
that 5 (a') = gi{a') for every a' G wi and i £ w with a' < a^). Picking any point 
/i G f){B(gi,cti) : i G w} we see that /i is not in the closure V} n£LLj N n , therefore 
B(f, a) cannot be contained in \J neu N n . Since the choice of / and a was arbitrary 
it turns out that \J nl£u N n is nowhere dense. □ 

Recall that a weak P-space is a space in which every countable set is closed. 

Example 4. There are a non-weakly Whyburn P-space of cardinality c and a non 
weakly- Whyburn weak P-space of cardinality uj\ in ZFC. 

Proof. Let Xi and X 2 be copies of the space X in Example |31 Yi and Y 2 be copies 
of the space Y described in the above remark and / be a bijection between either 
Xi and X 2 or Y\ and Y 2 (the context will clarify which spaces we mean). Put 
Z = X x U X 2 and W = Yi U Y 2 - Take each point of X 2 (Y 2 ) to be isolated and 
declare a neighbourhood of x in X\ (Yi) to be of the form U U f{U) \ f(N), where 
U is a neighbourhood of x in X (Y), and A^ is a nowhere dense set in X\ (Yi). 

Z is a P-space: Let U = {U n U (f(U n ) \ f(N n )) : n £ u} be a countable family 
of neighbourhoods of a point of z G Xi. Then p|U = f] neLU U n f~l Plie^ /(^) \ 
Ufee^ f(Nk)- The fact that AT is a P-space where every meager set is nowhere 
dense implies that the last set is a neighbourhood of z in Z . Thus every point of Z 
is a P-point, i.e., Z is a P-space. 

W is a weak P-space: Indeed, let C C be a countable set and a; G Yx\C. Let 
Ci = C n Yi and C 2 = C n Y 2 . If a: ^ f^{C 2 ) then let f7 be a neighbouthood of 
x in Yi disjoint from C\ U / _1 (C2). Then {/ U f(U) will be a neighbourhood of x 
in disjoint from C. If a; G / _1 (C2) let {/ be a neighbourhood of x disjoint from 
Ci, and as Y is a P-space, the countable set / _1 (C2) will be nowhere dense in it 
(in fact discrete) so U U (f(U) \ C 2 ) is a neighbourhood of x in W disjoint from C. 

Z and W are not weakly Whyburn: The set X 2 is not closed, however there is no 
almost closed set converging outside X 2 . In fact if A C X 2 is a non-closed set in Z 
then f~ 1 {A) cannot be nowhere dense, hence Int(f~ 1 (A)) ^ 0. Moreover this last 
set must be uncountable and dense-in-itself, or otherwise X would have isolated 
points. By the definition of the topology on Z, every point of Int(f~ 1 (A)) will be 
in the closure of A. This proof also works for the space W = Y\ U Y 2 . □ 

Thus, under [CH] we get a consistent negative answer to Problem 3.6 in [13] , 

Question 5. Does there exist a model of ZFC + not CH in which there is a Baire 
P-space of cardinality u>\ ? 

It is easy to realize that the fact that every countable union of nowhere dense 
sets is nowhere dense is equivalent to being a Baire space in the realm of P-spaces. 
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There is no hope of getting a ZFC example like in Question [5] because the non- 
existence of a Baire space of cardinality u>i is known to be consistent (see [15]). 

By means of the contruction of Example 2] a positive answer to the previous 
question would guarantee the existence of a non-weakly Whyburn P-space of car- 
dinality uj\ in a model where the continuum hypotheses fails. Yet, the following 
problem would still be open. 

Question 6. Is there a ZFC example of a non-weakly Whyburn P-space of cardi- 
nality Hi ? 

In [13] it was remarked that every Lindelof P-space of cardinality Hi is Whyburn. 
One may wonder if the same applies to weak P-spaces. 

Theorem 7 ([CH]). There exists a regular Lindelof non weakly Whyburn weak 
P-space of cardinality and character Hi. 

Proof. Let Y be the real line with the density topology (see for example [18 ]). This 
space is known to be a Tychonoff weak P-space. Also, since it is a dense-in-itself 
ccc Baire space having n- weight Hi, by a well-known argument (see for example 
|14j ) it has a Luzin subspace Z C Y, i.e. a subspace in which every nowhere dense 
set is countable. Let X be the Alexandroff duplicate of Z. It is clear that X is a 
weak P-space, it is Lindelof because Z is, and an argument similar to the one in 
Example |4] shows that X is not weakly Whyburn. □ 

Question 8. Can CH be removed from the previous theorem? 

Going back to non weakly Whyburn P-spaces, we are now going to produce an 
example of cardinality H2 by using a set theoretic axiom weaker than CH. A tree T 
of cardinality u)\ with W2-many uncountable branches is called a weak Kurepa tree. 
Using a weak Kurepa tree T is non difficult to construct a regular P-space X of 
weight u>i and cardinality W2; take as points of X the uncountable branches and as 
a base the sets of the form t — {B £l:(e B} for each t 6 T. 

Unfortunately, the existence of a weak Kurepa tree is not provable in ZFC (see 
Section 8 in |21|). The weak Kurepa Hypothesis, briefly wKH, is the assertion that 
there exists a weak Kurepa tree. In [21] it is pointed out that CH implies wKH, 
but wKH is somehow much weaker than CH. 

Example 9 ([wKH]). There is a non-weakly Whyburn regular P-space of cardinality 
uj 2 . 

Proof. Let A be a regular P-space of weight cj\ and cardinality UJ2 and let Y — 
u>2 U {p} , topologized in such a way that every subset of u>2 is open and a set U 3 p 
is open whenever \Y \ U\ < uii. Fix a one-to-one mapping / : Y — > X and let 
Z = Y x X. Obviously Z is a regular P-space of cardinality u>2- We claim that 
Z does not have the weak Whyburn property. Let A — {(a, f{a)) : a 6 w 2 } Q Z. 
Since the space X has weight lo\ , the set T of all complete accumulation points of 
the set {/(a) : a £ UJ2} has cardinality u>2- It is easy to check that {p} x T C A 
and so A is not closed in Z. Let B = {(a, f(a)) : a G C} be a subset of A. A 
point can be in B \ A only if it is of the form (p, x) and this may happen only if 
\B\ = UJ2- As before, the set T' of all complete accumulation points of the set f(C) 
has cardinality u>2 and {p} x T' C B \ A. Therefore, no almost closed subset of A 
can converge to a point outside A and we conclude that Z does not have the weak 
Whyburn property. □ 
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Question 10. Is there a ZFC example of a non-weakly Whyburn P-space of car- 
dinality UJ2 ? 

The next result, which is of independent interest, shows that a positive answer to 
the previous question would require a different approach than that of our example 
21 We are going to use the following simple lemma. 

Lemma 11. Every regular P-space X with w(X) < lj\ has a base of cardinality 
not greater than wi , consisting of clopen sets. 

Proof. By I6j Theorem 1.1.15], it suffices to show that the clopen sets form a base 
for X, and this holds because every regular P-space is O-dimensional. □ 

Proposition 12. If there exists a regular P-space X with \X\ > L02 andw(X) <lo\, 
then there exists a weak Kurepa tree. 

Proof. By the above lemma, there exists a base L = {L a : a£wi) for X, consist- 
ing of clopen sets. Using transfinite induction, we will construct an wi-sequence 
{•Aa} Qe of collections of nonempty subsets of X, with the following properties: 

(1) Vet G uj\ : A a is a (cl)open partition of X not containing the empty set; 

(2) Vq G loi : Vo/ < a: A a is a refinement of A a ? ■ 

Let Aq = {X}. If A a has been defined for a given a G ujx, then let 
A a+1 = {{AnL a : A G A a } U {A\L a : A G A a })\{®}. 
Finally, if A G wi is limit and A a has been defined for a < A, then put 

A x = { p| A a : Va G A: A a G A a A Va',a" G A: (a' < a" =► A a , D A a »)}\{0}. 

QEzA 

We prove both property (1) and (2) by transfinite induction on a £ ui. As for (1), 
it is trivial when a = 0, and if it holds for a given a G wi then it is easily seen 
to hold also for a + 1. Consider now a nonzero limit A G u)\. Given an arbitrary 
i£l, take for every a < A an A a G A a such that x G A a ; since (by the inductive 
hypothesis) (2) holds for every a < A, we have that for every a' < a < A there 
exists a, A £ A a > such that A a C A. This implies (as A a ', still by the inductive 
hypothesis, is a partition of X) that A a n A = for every A G thus, 
since A a i G A a > and A Q n A Q / ^ (as cc belongs to both sets), we must have that 
A a i = A, hence A a C A a i. Therefore, since of course HoeA^" ^ ® ( as sucn a 
set contains x), we have by the definition of A\ that (~} a£X A a G ^-a, so that we 
have found an element of A\ which contains x. Therefore, A\ covers X. Since 
^ .Aa by definition, and every element of A\ is open as a countable intersection 
of open sets in a P-space, it only remains to show that A 1 n A" = for distinct 
A', A" G A x . Thus, suppose A' = f] aeX A' a and A" = f] aeX A£, with A' a ,A'^ e A a 
for a G A, and a h-> A' q and ai-)^ decreasing; of course, the fact that A' ^ A" 
implies that for at least one a G A we have that A' & ^ A'^. Since Aa, by the 
inductive hypothesis, is a partition, this implies in turn that A' a (1 A' a = 0; hence 

A' n A" = ( n aeA K) n ( n Qe a O = 0, too. 

Now we prove (2). Of course, for a = there is nothing to prove. If (2) holds 
for every a less than a successor ordinal a + 1 G uj\, and a* < a + 1, then either 
a* = a, in which case it is straightforward to realize from the general definition of 
Aa+i that A a +i is a refinement of A a = A a *, or a* < d, in which case since A a +\ 
is a refinement of .Aq, and A a (by the inductive hypothesis) is a refinement of .A a * 
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we also have that Aa+i is a refinement of A a * ■ Finally, if A G lo\ is a limit ordinal, 
and A is an arbitrary element of A\, then A = C\ aeX A a with A a G A a for every 
a < A; therefore, for every a G A, A a is an element of A a which include A. 

Let us also point out a further property of the partitions A a which immediately 
follows from the general definition of A a +i, and which will play a momentous role 
below: 

Va G cji : \M G .A Q+ i : (A n = V A C L a ). (*) 
Now, set T = {(A, a) : a G wi A A £ .Aa}, and let C be the binary relation on 
T defined by 

(A', a') C (A", a") <^> {a 1 < a" A A' D A"). 
Observe that, since C is the restriction to T of the product order of the two ordered 
sets (ppO, 3 ) and (u>i, <), we have by general reasons that C is a (partial) order 
on T. We will further prove the following: 

Fact. (T, C) is a tree of height W\, and for every a£wi we have that Lev Q (T) = 
{(A, a) : As A,,}. 

Proof. Let (A, a) be an arbitrary element of T (so that A G A a ). By property (2), 
we have that for every a < a there exists an A a G -4 Q with ^4 C A a ; since each ,A Q 
is a partition and A, as an element of A&, is nonempty, it is apparent that for every 
a < a the set A a is the only element of A a including A. Then it easily follows that 
(t£T: t C (A, a)} — {(A a , a) : a < a}: moreover, by an argument similar to one 
of those used to prove property (1) when a is a limit ordinal A, we may show that 
for every a' , a" with a' < a" < a we have that A a » C A a > (actually, we know that 
A a n must be included in some element A' of A a i , and since A a i is a partition and 
A a " F\A a i D A ^ 0, we conclude that A' necessarily coincides with A a ,). Therefore, 
the above-considered set {t G T : td (A, a)} = {(A a ,a) : a < a}, endowed with 
the order induced by C, is similar to the ordinal a, and this proves at the same time 
that (T, C) is a tree and that (A, a) G Leva(T). On the other hand, every element 
of Leva{T) must have the second component equal to a — as for each (A, a) G T 
with a / a we may prove as above that it belongs to the set Lev a (T), which is 
disjoint from Lev« (T) . Therefore Leva (T) = { (A, a) : A G A& } , and this holds for 
each a £ ui\. Of course, uj\ turns out to be the height of (T, C). 

Now we finish the proof of the proposition. First of all, observe that \A a \ < oj\ 
for every a G 0J\; this is an elementary consequence of the fact that each A a is 
an open partition of X consisting of nonempty sets, and that d(X) < w(X) < 
Since |Lev Q (T)| = \ {(A, a) : A G A a } \ = \A a \ < wi for every a 6 Wi, to show that 
(T, E) is a weak Kurepa tree we only have to prove that it has at least ioi branches. 

For every x G X and a G Wi, denote by A x ^ a the only element of A a containing 
x; notice that, since x G A x ^ a > n A Xt<x n ^ for every a', a" G wi, we may prove 
as before that A x , a » C A x>a / for a' < a" < u!\. Let, for every x G X, H x = 
{{A x ^ ai a) : q£wi}. Then (A x ^ a i, a') C (A Xia »,a") for a' < a" < Wi, so that ITa; 
is a chain in T intersecting all levels, i.e., H x is a branch. Therefore, if we can prove 
that the association x i-^ U x is one-to-one, it will follow that in T there are at least 
u>2 branches. Indeed, suppose that x,y are arbitrary distinct elements in X; since 
£ is a base for X, which is Ti, we may consider an a G co\ such that x G L& and 
y ^ La- Observe that, from x G A x , a +i, we have the inequality L a n A Xt a+i i= 0. 
and this implies by (*) that A x ^ a+ \ C L a ; thus y £ A Xia +i (as y ^ while of 
course y G Ay, a+ i. Then it follows that A Xta+ \ ^ Ay ta+ \, and since (Ay^ a+ i,a+l) 
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is the only element of Hy having the second component equal to a + 1, we conclude 
that 

a + 1) ^ Hy. Therefore II 2 ^ Uy (as the former set contains A s ,a+i 
while the latter does not). □ 

We have looked hard for small non weakly Whyburn P-spaces in ZFC, but all we 
have are partial results. Here is another way to construct such an example, provided 
that the following innocent-looking question can be answered in the positive. 

Question 13. Does there exist in ZFC a dense-in-itself P -space of cardinality Hi 
every relatively discrete subset of which is closed? 

Let X be such a space and Y = uj\ U {p} be the one-point Lindelofication of the 
discrete space uji and put Z = X x Y . Fix an injective mapping / : X — > uii and 
let A — {(x, f(x)) : x e X} C Z. It is easy to realize that A is not closed in Z. If 
for some B C A we have B \ A ^ 0, then (x,p) 6 B for some x G X. Without any 
loss of generality, we may assume x £ irx(B). Since the set nx(B) is not closed, it 
cannot be discrete so we may fix some z G ttx{B) which is not isolated in ttx{B). 
It is not difficult to see that (z,p) G B so Z is not weakly Whyburn. 

Before going on to discuss Lindelof spaces we would like to recall another problem 
from |13j about which we know very little. Consider the space /3a;; under CH this 
space has character oji so its o;-modification is even Whyburn, but what happens 
in a model where CH fails? 

Question 14. f[13| ) Is the uj -modification of f3ui weakly Whyburn? 

Problem 3.5 in [13] asks whether every (regular Lindelof) P-space is weakly 
Whyburn. Koszmider and Tall constructed ([10]) a model of ZFC+CH where there 
exists a regular Lindelof P-space of cardinality H2 without Lindelof subspaces of 
size Such a space cannot be weakly Whyburn, because of the following easy 
fact. 

Proposition 15. Every Lindelof weakly Whyburn P-space X of uncountable car- 
dinality has a Lindelof subspace of cardinality ui\ . 

Proof. Pick a set A C X with \ A\ = u>\. If .A is closed, then we are done. Otherwise, 
there is some almost closed B C A converging outside it. Since in a P-space 
countable sets are closed, the set B must have cardinality uj\ . Thus B is a Lindelof 
subspace of X of cardinality lj\ . □ 

At least consistently, the assumption that X is a P-space can be dropped in the 
above proposition. 

Proposition 16 ([CH]). Every Lindelof weakly Whyburn space X of uncountable 
cardinality has a Lindelof subspace of cardinality o>i . 

Proof. We will show that X has a closed subset of size o;i . Suppose that it is not 
so and let A C X be a set of size lo\. Then every almost closed set converging 
outside A is countable, so that the Whyburn-closure of A has cardinality a;" = bj\ . 
Let A a be the a-iterate of the Whyburn closure of A. Then B = {J aeLUl A a has 
cardinality u>i ; if this last set were non-closed then we could find some almost closed 
P converging outside it. Thus, P would be countable and, by the regularity of u>i, 
there would be some j3 G uii such that P C {J ae/3 A a . Hence the limit of P would 
be inside B, which is a contradiction. □ 
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As a corollary we get a proposition estabilished in [4] with the aid of elementary 
submodels: 

Theorem 17 ([CH]). (^) Every Hausdorff Lindeldf sequential space of uncountable 
cardinality has a Lindeldf subspace of cardinality u>\ . 

Question 18. Is it true in ZFC that every Lindeldf weakly Whyburn space of 
uncountable cardinality has a Lindeldf subspace of cardinality Wi ? 

This is known to be true in the special case of regular Lindelof scattered spaces 
by a result of Ofelia T. Alas (see [U Theorem 10]). 

It is known (see [2]) that compact weakly Whyburn spaces are pseudoradial. We 
don't know whether the same holds for Lindelof weakly Whyburn P-spaces, but we 
prove the following partial result . 

Theorem 19. Every regular Lindeldf weakly Whyburn P -space of pseudocharacter 
less than K u is pseudoradial. 

Proof. Let A C X be a non closed set and B C A such that B \ A = {x} for some 
x G X. Every regular P-space is zero-dimensional, so let It = {U a : a < k} be 
a family of clopen sets in B, such that f] aGK U a — {x}, and having the minimal 
cardinality among all families with the previous properties. Since we are in a P- 
space and x is an accumulation point of B, the cardinal k must be uncountable. 
Use minimality of It to pick x 1 G C\ a<1 U a \ {x} for each 7 G K. Since B is Lindelof 
and k is a regular uncountable cardinal, the sequence {x 7 : 7 < k} C A converges 
to x. □ 

Question 20. Does there exist a Lindeldf weakly Whyburn non-pseudoradial P- 
space ? 

A negative answer to the above question would exhibit an interesting pathology 
in the class of Lindelof P-spaces. We now suggest a possible way to look for a 
counterexample. Kunen has constructed a compact space X and a point p G X 
with the following properties: 

(1) X (P,X) 

(2) No sequence of uncountable regular length converges to p in X. 
Suppose that a compact scattered space Y having the above properties exists, 

then it is easy to construct a weakly Whyburn non pseudoradial Lindelof P-space. 
Indeed, since Y is compact scattered its omega-modification Y$ is a Lindelof P-space 
(see PP, Lemma II. 7. 14). Since Ys is regular and scattered it is weakly Whyburn. 
By 2) no sequence will converge to p in Ys. (Since character equals pseudocharacter 
in compact spaces 1) will guarantee that p is not isolated in Yg). 

3. Product of weakly Whyburn P-spaces 

The behaviour of the weakly Whyburn property under the product operation is 
not very clear. The first listed author has proved that the product of a compact 
semiradial space and a compact weakly Whyburn space is weakly Whyburn but 
we are not aware of a non weakly Whyburn product of compact weakly Whyburn 
spaces. We don't know whether the same holds replacing compact space with 
Lindelof P-space but at least we prove that the product of Lindelof weakly Whyburn 
P-space and a Lindelof Whyburn P-space is weakly Whyburn (see Corollary |24|) . 
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Recall that a space has countable extent if each of its closed discrete subsets 
is countable. Every Lindelof space has countable extent. So the next lemma is a 
strengthening of Theorem 2.5 in |13) . 

Lemma 21. If X is a Whyburn P-space of countable extent, then X is a radial 
space of radial character Hi. 

Proof. Assume that A C X and x G A \ A. Fix an almost closed PC A such that 
x G P. Take a maximal disjoint family 7 of open subsets of P whose closures do not 
contain x. Then x G 1J 7 and hence there is an almost closed Q C [J 7 such that 
x € Q. Let 7' = {U e 7 : (7nQ / 0}. Since X is a P-space, it is easy to see that 
7' is uncountable. For each U 6 7' take an xjj G UP\Q. The set B = {xu : U G 7'} 
is discrete and (P> \ B) n ((J 7) = 0. This means B is closed in Q and therefore x 
has to be the only accumulation point of B in the space Q U {x}. B U {ir} is an 
uncountable space with the unique non-isolated point x. Being of countable extent, 
such a space must be Lindelof and of cardinality Ni. Hence B is a sequence of 
length Hi which converges to x. □ 

Proposition 22. ^4 P-space X of cardinality Hi and countable extent is Lindelof 
and radial. 

Proof. We first prove that X is Lindelof. Toward a contradiction, suppose there 
exists an open cover A of X with no countable subcover. Of course, since \X\ = wi, 
we may assume that \A\ = ui. Also, since A has no countable subcover, we 
can further assume (up to passing to a suitable subcover) that A is indexed as 
{A a : a G uji}, in such a way that 

a'<a 

For every a G wi, pick an cc a G j4 q \ U a / <Q A Q / ; we claim that the set D = 
{x a : a £ wi} is closed and discrete, and this will contradict the fact that X has 
countable extent — as clearly a <— > x a is one-to-one. 

To prove the discreteness of D, note that for every a G u>\ the set A a is a 
neighbourhood of x a missing all points x a i with a' > a; also, since the set C a — 
{x a i : a' < a} is closed (because A is a P-space), we see that A a \C a is an open 
neighbourhood of x a whose intersection with D gives {x a }. Suppose now x G 
X\D; then x G A& for some a € u}\. Arguing essentially as before, we see that 
Aa\{x a i : a' < a} is an open neighbourhood of x missing D; thus D is closed. 

Notice that X is Hausdorff and, being a Lindelof P-space, it is also regular. 
To prove that X is radial, due to Lemma [21] it will suffice to show that X has 
Whyburn property. Let a G X and M C X be such that a G M\M; index 
A\{a} as {x a : a G wi} and consider a decreasing wi-sequence {V a } Q g Wl of open 
neighbourhoods of a such that 

(3; 1) Va G tjJ\ : 14 n {a; Q ' : a' < a} = 0; 

let also y a be an element of V a n M for every a € a>x, and set L — {y a : a G uji}. 
We claim that L is an almost-closed set converging to a. Indeed, on the one hand 
if z is an arbitrary element of X\(L U {a}) then z — i„ for some a G Wi, so 
that z G A\Va; since z ^ L, it also follows that U = A\({y Q : a < a} U V&) is 
an open neighbourhood of z, and J7 is disjoint from L as L — {y a : a G lo\\ C 
{t/ a : a < d} U V5. On the other hand, to show that a G L, consider an arbitrary 
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neighbourhood W of a; clearly, if we can prove that V a C W for some a £ cji, then 
the inequality WP\L ^ will follow. Actually, consider the closed subset T — X\W 
of X, and let A = {X\V a : a£ui}. We see that A covers T, as every element 
of T must be x a for some a G oj\, and i Q G X\V a by Q3; 1| ). Since T is Lindelof, 
there must exist a countable subset A of wi such that X\W C lJ QgA (X\V r Q ) = 
X\P| QeA Va; using the decreasing characters of the neighbourhoods V a , it also 
follows that X\W C A\Vj— where d = sup A— whence V& C Va C W. □ 

Theorem 23. TTie product of a pseudoradial F '-space X of radial character uj\ with 
a weakly Whyburn P -space Y of countable extent is weakly Whyburn. 

Proof. Let A C X X Y be a non-closed subset. Take (x, y) € 3\ A If An ({a;} x Y) 
were non-closed, we could immediately apply the weak Whyburn property of Y to 
find a set B C A satisfying B\^4 = {(x, y)}. So, we may assume that An({x} x Y) is 
closed. By passing to a suitable subset, we may further assume that j4n({x} x Y) = 
0. Since x G ttx(A), it follows that ttx(A) is not closed in X. So, there is a 
convergent sequence {x Q : a G u^} C 7ix(.A) with limit outside 7Tx(-^)- For each 
a £ wi take a point y a g V in such a way that {x a ,y a ) G A. 

Case 1: The set {y Q : a G is countable. There exists an uncountable subset 
SCw! such that y a = yp for any a,0 € S. Then, we put B = {{x a ,y a ) : a G S}. 
Case 2: The set {y a : a G is uncountable. Since Y has countable extent, we 
may assume — up to removing one point — that the set {y a : a G loi} is not closed. 
Therefore, there exists an uncountable set S C bj\ such that the set C = {y a : 
a G S} is almost closed. As the set cly{C) has still countable extent, by Lemma 
[2~T1 there exists an (uncountable) set T C 5 such that the set {y Q : a G T} is a 
convergent sequence. Then put B = {{x a ,y a ) : a G T}. 

In both of the previous cases, the set B is a convergent sequence which is also 
an almost closed subset of A. □ 

Corollary 24. The product of a Whyburn Lindelof P -space with a weakly Whyburn 
Lindelof P -space is weakly Whyburn. 

Question 25. Ls the product of two Lindelof weakly Whyburn P-spaces always 
weakly Whyburn? 

Constructing a non- Whyburn product of two Lindelof P-spaces turned out not to 
be so easy. Since every compact Whyburn space is Frechet, the analogous problem 
for compact spaces is the construction of two compact Frechet spaces whose product 
is not Frechet. This is usually tackled using the one-point compactification of 
Mrowka spaces on suitable almost disjoint families on cj (see [5] and [17]), so it was 
natural to try and extend that approach. 

We first recall that a family A of uncountable subsets of ui\ is said to be almost 
disjoint if \a PI b\ < u>i for all distinct a, b G A; it is said to be a MAD family if it 
is maximal with respect to this property. Define now a topology on X = u>\ U A 
in the following way. Each point of u)\ is isolated and a neighbourhood of p G A 
is {p} U p minus a countable set. The space X is locally Lindelof so we may take 
its one-point Lindelofication £>(A); in concrete terms, L(A) is obtained by adding 
a point oo to A, and is endowed with a topology whose restriction to X coincides 
with the original topology, while the basic neighbourhoods of oo are all sets of the 
form {oo} U {A\$) U (\J{A\&)\F), where 1 G [A] <UJl and F G [uji} <UJi . Notice 
that, this way, L(A) turns out to be a Lindelof (regular) P-space. 
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Let A be an almost disjoint family on u>i and let 3(A) be the ideal of those 
uncountable subsets of uj\ which can be almost- covered by a countable subfam- 
ily of A (which means that the set-theoretic difference between the former and 
the union of the latter one is countable); let also 3 + (A) = [oji} u ' 1 \3(A). Further- 
more, let M(A) be the set of those X G [wi]" 1 such that A x = {X D p : p G 
A, X Dp is uncountable} is a MAD family on X. We introduce the following: 

Definition 26. An almost disjoint family A on uj\ is said to be nowhere MAD if 
M(A) C 3(A). 

Now we will link some topological features of L (A) to the combinatorial structure 
of A via the previous definition. 

Theorem 27. Let A be an almost disjoint family on U3\. The space L(A) is Why- 
burn if and only if A is nowhere MAD. 

Proof. Suppose first that there is some X G M(A) Ci3 + (A), then oo6l (where oo 
is the point added to A, to obtain L(A)). We will show that X contains no almost 
closed set converging to oo. Indeed let Y C X be such that oogf; then Y is clearly 
uncountable, hence — since the family Ax is MAD on X — there must be some p G A 
such that p fl Y is uncountable. So p G Y and we are done. To prove the converse 
note that at each q G A the Whyburn property is clearly satisfied, therefore we only 
need to check it at oo. Suppose that A is nowhere MAD and pick some X C lj 1 \JA 
such that ooel. li oo G X H A then clearly X n A = (X n A) U {oo}, so we may 
restrict ourselves to the case where X C Now, oo G X implies that X ^ 1(A) 
(in particular, of course, X is uncountable), so by nowhere MADness of A we can 
find some uncountable Y C X such that Y fl p is countable for each p G A. Thus 
Y is an almost closed set such that Y — > oo. □ 

Lemma 28. Let A be a MAD family on a set X of cardinality tjj\, and {Ai, A2} be 
a partition of A, with A\ nowhere MAD on X and \A\ \ > U)\. Suppose also to have 
associated to every A G A\ an element M(A) of [A]" 1 . Then there exists A G A2 
such that A n ( [} AeA , M (A)) ^ 0. 

Proof. Let, for the sake of simplicity, M* = \J AeAl M(A), and notice that M* G 
3 + (A\). Indeed, if 3 is a countable subfamily of Ai, then there exists an A G ^li\9 r . 
Since Ai C A and A is almost disjoint, it follows that |An(lj3 r )| < u>%. Therefore, 
in particular, M(A)\\J J ^ 0, whence also M*\\J$ j= 0. 

Now, since A\ is nowhere MAD, there must exist S G [M*]" 1 such that the set 
S fl (A fl M*) = S fl A is countable for every A G A\. On the other hand, since 
S G [Af*]" 1 C [A]" 1 and .A is MAD on A, there will be A £ A with |I D 5| = u X ] 
therefore, such A must belong to A2, and of course we have in particular ADM* 3 

Ans^9. ' □ 

Corollary 29. Let, as m the previous lemma, A be a MAD family on a set X of 
cardinality u)\, and {A\,A2\ be a partition of A, with A± nowhere MAD on X and 
of cardinality w\ . Then there exists A G A% such that | A n ( 1J A2) \= u)\. 

Proof. Toward a contradiction, assume | AC\ ( (J A2) \ < u>i for every A G A\\ letting, 
for every A G Ai, M(A) — A\ ( [j A2) , we see that each M(A) is uncountable, hence 
by Lemma 1251 it follows that A n (\J AeAl M(A)) ^ for some A G A 2 - Clearly, 
this is a contradiction, as each M(A) is disjoint from IJ712. □ 
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Theorem 30. Let A be an almost disjoint family onu>x, and {Ai,A2} be a partition 
of A into two uncountable subfamilies. If A is not nowhere MAD while A\ is 
nowhere MAD, then £>{Ax) x L(A 2 ) is not a Whyburn space. 

Proof. Let X £ M(A) n 3 + (A). Consider the diagonal A = {(a, a) : a e A}; then 
(oo, oo) G A. To verify this fact, consider a basic neighbourhood W of (oo, oo) in 
£(Ax) x £>{A 2 ) of the form 

W = ({00} U (Ax\?x) U (U(^i\^i)\^i)) x ({°o} U (A 2 \? 2 ) U (LK-AaX^)^)), 

where J, G [Ai] <ui and F, G [wi] <LJl for i = 1,2; since X £ 0(A), the set 
-X\(((J5i) U (U^) U F\ U F2) must be nonempty, and taking any a in it we 
easily see that (a, a) G A n W . 

Now, let B = {(a, a) : a e Y} C A be such that (00,00) e B, with F C X. 
Then F must be uncountable, and the family Ay — {A DY : A £ A, \A HY\ = lux} 
is MAD on Y (as the restriction of A to X is MAD on A), while the family 
A'x = {A n Y : A G Ax, \Af~\Y\ = is nowhere MAD on Y (as Ax is nowhere 
MAD on lux). Letting also A' 2 = {Af)Y : A G A 2 , \A n Y\ = Wi}, we see that 
{yi^ , } is a partition of Ay, so that by Corollary I2TJ1 there exists A* 6 A\ such 
that I A* H (U-AQI = ux- Let p G A be such that A* = p DY; we claim that 

(p, 00) e B. 

Indeed, consider a basic neighbourhood of (p, 00) of the form 

(M U (p\Fx)) x ({oo} U (A 2 \J 2 ) U (11(^2^2)^2)) , 

with 5F 2 G [^L 2 ] < " 1 and F X ,F 2 E [u)i] <Ul . Then from |A* n (U^-2) | = it follows 
that |p n (U-^O H y = u>x\ moreover, since \A n p| < wi for every A G J 2 , it also 
follows that |pn (U(-A2V?2))ny| = u>i, and finally that | (p\Fx)n ( U (^2 ^2)^2) n 
y| = w x . Then taking a £ {p\Fx) H ( \J(A 2 \$ 2 )\F 2 ) n F, we see that 

(o,d) g (({p} u (p\Ji)) x ({oo}u(yi 2 \J 2 )u(U(^2\?2)\F 2 ))) nfl. 

□ 

Thus to find a non- Whyburn product of Lindelof Whyburn P-spaces it suffices to 
construct a MAD family on tox which can be split into two nowhere MAD families. 
This can be done under a proper set-theoretic assumption, by a well-known line of 
reasoning (see [5]). 

Theorem 31 ([2* 1 = K 2 ]). There is a MAD family on ojx which can be split into 
two nowhere MAD subfamilies. 

Proof. Let A = {A a : a < uj 2 } be an enumeration of [i^i]" 1 . We will construct 
almost disjoint families {§ Q : a < w 2 } of uncountable subsets of u)x with the prop- 
erty that for each f3 < a either Ap is covered by a countable subcollection of § a 
or there is some S G § Q such that S C Ap. Let Sq be any partition of wi into 
u>x many uncountable sets. If Aq is covered by a countable subfamily of Sq , let 
So = Sq, else let S = {T a : a G lux} be an enumeration; then for each /3 G u>x the 
set A \ {J a< p T a is uncountable. Pick a E A \ T and for each ^ pick 

ap G A \ ( (J T Q U {a a : a < /3}) . 

Q</3 
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Let So = {a a ■ a G wi} and set So = §d U {So}- Clearly, So C Ao and So is almost 
disjoint. 

If 8/3 is chosen for each f3 < a, §' a = U,g< Q ^5/3- ^ i s n °t covered by a countable 
subfamily of let = {T" : 7 G be an enumeration; then, for each [3 £ Wi 
the set A a \ U 7 </3 ^7 i s uncountable. Pick Oq G A q \ 7q* and for each /? 7^ pick 

a?eA»\(U^U{< S a : 7 <4 

7 </3 

Let = {a" : 7 G wi} and let S Q = U {S^}. It is clear that each § a has the 
property stated at the beginning and is almost disjoint; note also that S^j C S Q 
whenever /3 < a. Put §' = \J aeu2 S a ; since §' is almost disjoint there is some 
MAD family § such that §' C S. The family § inherits from §' the property that 
if X C u>i then either X is covered by a countable subfamily of § or there is some 
SeS such that SCI. For each S e § let 5"*} be a partition of S into two 
sets of cardinality wi; then set S* = {5** : S G §} and let S + = {S + : S G §}. We 
see that T = S* U§ + is a MAD family on uj\ with the property that if X C cj 1 is not 
covered by a countable subfamily of T then there are disjoint Si G S* and S2 G S + 
with Si U 5*2 C X. This clearly implies that S* and S + arc nowhere MAD. □ 

Corollary 32 ([2 Nl = H 2 ]). There exist two Lindeldf Whyburn P-spaces whose 
product is not Whyburn. 

Question 33. Does there exist in ZFC a non- Whyburn product of Lindeldf Why- 
burn P-spaces? 
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